In this paper, we try to consider the stability conditions of a modified gravity coupled by Weyl tensor. In this way, we indicate the suitable conditions for a successful bounce while the equation of state (EoS) parameter crosses the phantom divider for our new corrected modified gravity.
INTRODUCTION
Since ancient centuries, philosophers, scientist and specially cosmologists try to explain how our universe has formed? Albert Einstein's theory of general relativity, modified gravity, big bang and big bounce theories are alternative ways of looking at how the universe has commenced. In physical cosmology, the age of the universe is defined as the elapsed time since the big bang and it tries to enunciate what the universe looked like before the planets and the stars came to existence.
By current project of the European space agency (ESA) which called Planck [1], the age of the universe is measured 13.799 ± 0.021 billion years within the Lambda cold dark matter (ΛCDM) model which describes the evolution of the universe, has extended from a very uniform, hot, dense primordial state to its present state. Since 1965, the cosmic microwave background (CMB) has played a central role in cosmology. The discovery of the CMB confirmed a major prediction of the big bang theory and was difficult to reconcile with the steady state theory [2] . The precision measurement of the CMB spectrum by NASA's cosmic background explorer (COBE) [3, 4] mission confirmed the predicted CMB blackbody spectrum, which results from thermal equilibrium between matter and radiation in the hot, dense early universe. The COBE detection of CMB anisotropy [5] established the amplitude of the primordial scalar fluctuations and supported the case for the gravitational evolution of structure in the universe from primordial fluctuations. In this way, ΛCDM model is well understood theoretically and strongly supported by recent high-precision astronomical observations such as Wilkinson microwave anisotropy probe (WMAP) [9] [10] [11] [12] and other probes.
Nowadays most of the theories and evidences tell us, the universe, in early time, was condensed into a small region of matter and energy, which called a singularity. Moreover, cosmologists believe that the singularity suddenly, exploded and expanded at an incredibly fast rate. The matter combined to create protogalaxies, which, in turn, combined to form galaxies and it continued to form planets, etc. But why it was condensed? How is possible making all of things from nothing (no space, no time coordinates)? Some cosmologists try to find a suitable answer to these paradoxes. They suppose that the universe will eventually grow no more when the first singularity is eliminated. So our universe will collapse in on itself into a quasi-singularity as gravity pulls matter down, an event billions of years from now which is called the big crunch. The cosmologists believe that unseen materials exist and may exert enough gravitational force to stop the universe's expansion and cause the big crunch. The bouncing theory combines the big bang and big crunch theories to develop a vision of an infinite, cyclical cosmos in which the universe over and again expands from a quasi-singularity only to ultimately collapse back in on itself, before doing it all over again.
To put it another way, a bouncing universe would continuously expand and contract [13] [14] [15] .
Undoubtedly observational data of type-Ia Super-Novae (SNIa) [16, 17] , which is a type of them that occurs in binary systems -two stars orbiting one another, in which one of the stars is a white dwarf -have determined basic cosmological parameters in high-precisions.
SNIa is among the most important probes of expansion and historically led to the general acceptance that a Dark Energy (DE) component is needed [18] [19] [20] . In physical cosmology and astronomy, there are indicative of the fact that, the universe is spatially flat because SNIa is a sub-category in the Minkowski-Zwicky supernova classification scheme and DE is an unknown form of energy which is hypothesized to permeate all of space, tending to accelerate the expansion of the universe. It is the most accepted hypothesis to explain the observations since the 1990s indicating that the universe is expanding at an accelerating rate. Assume the standard model of cosmology is correct, the best current measurements indicate that DE contributes 68.3% of the total energy in the present-day observable universe.
The massenergy of Dark Matter (DM) and ordinary (baryonic) matter contribute 26.8% and 4.9%, respectively, and other components such as neutrinos and photons contribute a very small amount [21, 22] . Again on a massenergy equivalence basis, the density of DE (∼ 7 × 10 −30 g/cm 3 ) is very low, much less than the density of ordinary matter or DM within galaxies. However, it comes to dominate the massenergy of the universe because it is uniform across space [23, 24] .
Simultaneously, as to the origin of DE, they posed a fundamental problem. The combined analysis of SNIa [18, 19, 25] , contingent upon the background expansion history of the universe around the redshift z < 1 as galaxy clusters measurements and Wilkinson Microwave
Anisotropy Probe (WMAP) data [9] [10] [11] [12] , Sloan Digital Sky Survey (SDSS) [26] [27] [28] [29] , Chandra X-ray Observatory (CXO) [30] etc. It shows some cross-checked information of our universe, providing surprising proof as to the fact that the expansion of the universe for the time being, seems to have been accelerating behaviour, being imputed to DE with negative pressure. In contrast, DM, a matter without pressure, is basically utilized to describe galactic curves and large-scale structure formation [31, 32] .
It is shown by the cosmological acceleration, that the present day universe is dominated by smoothly distributed slowly varying DE component and it reinforces the big bouncing hypothesis. The constraint derived from SNIa has a degeneracy in the equation of state (EoS) of DE [33] [34] [35] [36] . However, the nature of DE is unknown until now but people have suggested some candidates for its explanation. The cosmological constant, Λ, in a model which the universe's equation has a cosmological constant, indicated by Λ, and Cold Dark Matter (ΛCDM), is the most notable theoretical candidate of DE, which has an equation of state with ω = −1. This degeneracy is offered even by adding other constraints coming from CMB [37, 38] and Baryon Acoustic Oscillations (BAO) [39] . Astronomical observations denote that the cosmological constant, in their orders of magnitude, tend to be much smaller than it is calculated in modern theories of elementary particles [40] . Two of the most notable difficulties faced with the cosmological constant are the "fine-tuning" and the "cosmic coincidence" [41] . The constraints, nowadays, on the EoS around the cosmological constant value, are ω = −1 ±0.1 [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] and this probability exists that ω may differ in time [13, 15, [44] [45] [46] [47] [48] . From the theoretical point of view there are three essentially different cases:
ω > −1 (quintessence), ω = −1 (cosmological constant) and ω < −1 (phantom) ( [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] and refs. therein).
The models of DE can be generally categorized into two groups which their classifications have been considered in our previous paper [65] . So in this paper we try to use the modified gravity by replacing some additional terms in the Einstein-Hilbert action [66] which is the action that yields the Einstein field equations through the principle of least action. With the (− + + +) metric signature, the gravitational part of the action is given [67, 68] . These changes are often of a type that involves the total energy density ρ. In [44, 69] , multi-scalar coupled to gravity is studied in the context of conventional Friedman cosmology. It is found that the cosmological trajectories can be viewed as geodesic motion in an increased target space.
In this ways, there are several phenomenological models which describe the crossing of the cosmological constant barrier [70] [71] [72] [73] [74] [75] [76] [77] [78] . Therefore finding a model following from the basic principles describing a crossing of the ω = −1 barrier will be one of our important and essential goals. Stability means that the trajectories do not change too much under small perturbations.
In general, perturbing the initial state in some directions results in the trajectory asymptotically approaching the given one and in other directions to the trajectory getting away from it. There may also be directions for which the behaviour of the perturbed orbit is more complicated, and then stability theory does not give sufficient information about the dynamics.
One of the key ideas in stability theory is that the qualitative behaviour of an orbit under perturbations can be analysed using the linearization of the system near the orbit. In particular, at each equilibrium of a smooth dynamical system with an n-dimensional phase space, there is a certain n × n matrix A whose eigenvalues characterize the behaviour of the nearby points [79] [80] [81] . More precisely, if all eigenvalues are negative real numbers or complex numbers with negative real parts then the point is a stable attracting fixed point, and the nearby points converge to it at an exponential rate. If none of the eigenvalues are purely imaginary (or zero) then the attracting and repelling directions are related to the eigenspaces of the matrix A with eigenvalues whose real part is negative and, respectively, positive. Analogous statements are known for perturbations of more complicated orbits.
The simplest kind of an orbit is a fixed point, or an equilibrium. If a mechanical system is in a stable equilibrium state then a small push will result in a localized motion. In a system with damping, a stable equilibrium state is moreover asymptotically stable. On the other hand, for an unstable equilibrium, certain small pushes will result in a motion with a large amplitude that may or may not converge to the original state. There are useful tests of stability for the case of a linear system. Stability of a non-linear system can often be inferred from the stability of its linearization.
In this paper, in section 2, the dynamics of the FLRW cosmology in modified gravity is considered. Moreover, we discuss analytically the conditions for having ω across over −1.
In section 3, we study the numerical solution for a successful bouncing and in section 4, we discuss about stability conditions of our model. In section 5, the cosmological parameters will be checked and finally, we summaries our paper in section 6.
THE MODEL
As following our previous paper [65] we consider a f (R, φ) theory of gravity in the Einstein-Hilbert action which is replaced by the square of the conformal Weyl tensor and matter lagrangian
where α = 1/8πG, G is the universal gravitational constant, the chameleon scalar field of φ is just dependent on cosmic time, t and V (φ) is an arbitrary potential function dependent on φ and unlike the usual Einstein-Hilbert action, the matter Lagrangian density L m is modified by f (φ)L m and C µνρλ is the Weyl tensor as
The action (1) when we put Planck units, i.e. c = = G = 1, can be written as follows
is a total divergence (Gauss-Bonnet term), which doesn't contribute to the equation of motion and the action can be simplified as follows
Functional variation of the total action with regard to the matter fields produces the equations of motion while its functional variation considering the metric generates the f (R, φ) modified gravity coupled by Weyl field equation. Therefore, taking the variation of the action (4) with respect to the metric g µν , the field equations can be obtained as [82] [83] [84] [85] [86] [87] 
where
Also,
Here R µν is the Ricci tensor, T
is the modified energy-momentum tensor of the matter in the prefect fluid form, respectively.
The metric of the FLRW universe is given by
where k = 1, 0, −1 are for closed, flat and open geometries respectively. The first Friedman equation generality is
that H =˙a a is the Hubble parameter, the dot denotes a derivative with respect to cosmic time t and summation runs over the non-relativistic matter, radiation and other components. The dark energy energy density, ρ X , and the dark energy pressure, p X , which can be obtained directly by metric is described by the holographic principle as,
where N = ln a, Ω m0 is the relative density of the non-relativistic matter, the β is an integration constant and α is a constant which are determined by [88] . If the dark energy relative density be denoted by Ω X , the subscript 0 denoted for all component's values of the present time (zero red-shift) and the equation state, ω 0 Ω X , of the dark energy be known, the value of α and β can be determined by,
So for current observations [1, 20] , and following values of parameters: Ω m0 = 0.268, Ω X0 = 0.683 and ω 0 = −1 we will have α = 0.456 and β = 0.603 which will be used in our following calculations.
On the other hand, if we consider the spatially flat, k = 0, FLRW metric for the universe, the set of field equations (5) when f . = f (φ) reduce to the modified Friedmann equations in the framework of f (R, φ)-modified gravity as
where ρ R and p R are the Ricci curvature contributions of the energy density and pressure which have obtained from our action respectively. The model can be considered as a standard model with the effect of the Weyl and f (R, φ) gravity modification contributed in the energy density and pressure of the Friedman equations. Corresponding to standard spatially-flat FLRW universe for the 00 and ii components yields,
where after some algebraic calculation with R = 6Ḣ + 12H 2 , we have
The variation of the action (4) with respect to scalar field φ provides the wave equation for scalar field as,φ
where γ = pm ρm , the energy density ρ m stands for the contribution from the cold dark matter to the energy density and prime indicated differentiation with respect to φ. The energy conservation laws are still given bẏ
and ω = 
where ρ 0 is a constant of integration. By using eqs. (13), (14), (15), (16) and in comparison with the standard Friedmann equations we identify ρ ef f and p ef f as
So for their effective equation of state parameter, ω ef f = p ef f ρ ef f , we will have
In the absence of scalar field, φ , from Eqs. (23) and (24), we have ρ ef f = W 00 , and
. Therefore, these Eqs. don't transform to the usual Friedmann equations in GR and it's seriously dependent on functionality of scale factor respect to cosmic time, t.
However, from these equations and Eqs. (20) and (21), we could obtainḢ > 0 andḢ < 0 for the phantom, ω ef f < −1, and quintessence, ω ef f > −1, respectively. So, we need to probe more into scale factor, a(t), as the following sections.
At this stage, the cosmological evolution of EoS parameter, ω ef f , is considered, and we
show analytically there are some conditions that cause the EoS parameter cross the phantom divide line (ω ef f → −1). To do that, ρ ef f + p ef f must be disappeared at the bouncing point.
For investigating this possibility, we have to check the condition d dt (ρ ef f + p ef f ) = 0 when ω ef f → −1. Using Eqs. (17), (18) in (23) and (24) we have,
In this case, our analytical discussion about ω ef f → −1 would be just a boring game on different components of Eq. (27) 
NUMERICAL SOLUTION FOR A SUCCESSFUL BOUNCING
In FLRW cosmological model, for only time dependent φ by invariance of the action under changing fields and vanishing variations at the boundary, the equations of motion for scalar fields φ can be rewritten bÿ
when we define f . = f (φ) = f 0 e δ 1 φ and V . = V (φ) = V 0 e δ 2 φ with δ 1 and δ 2 which are dimensionless constants.
Also the solution for H(t), Eq. (13), provides a dynamical universe with contraction for t < 0, bouncing at t = 0 and then expansion for t > 0. The above analysis can be clearly seen in the numerical calculation given in Fig. 1 . In our model, the EoS parameter crosses −1 line from ω ef f < −1 to ω ef f > −1, as Fig.2 , which is supported by observations. This model bears the same as quintom dark energy models which includes two quintessence and phantom fields. For a successful bounce implying, a list of test on the necessary conditions is needed that during the contracting phase, the scale factor a(t) should be decreased, i.e.,ȧ < 0, and in the expanding phase, we should haveȧ > 0. At the bouncing point,ȧ = 0, and so around this pointä > 0 for a period of time, the Hubble parameter H runs across zero from H < 0 to H > 0 and H = 0 at the bouncing point. According to Fig.1 and Fig.2 , at t → 0, ω ef f < −1 andḢ are positive and we see that at the bouncing point where the scale factor a(t) is not zero, we avoid singularity faced in the usual Einstein cosmology.
STABILITY CONDITIONS
In this section, we consider the structure of the dynamical system via phase plane analysis, by introducing the following dimensionless variables,
With combining eqs. (13), (15) and (33) we have
whereḢ
Now with previous section definitions, f . = f (φ) = f 0 e δ 1 φ and V . = V (φ) = V 0 e δ 2 φ , characterizing the slope of potential V (φ) and f (φ), eq. (19) can be rewritten as
and we can find the evolution equations of these variables as
where N = ln a. It's clear the forth term of eq. (41) is not dependent on scalar field φ and it can be a big trouble for us, so we use a trick to omit it. We knoẅ
then, by using eq. (35) and eqs. (37-41) one can find this term will be removed from both sides of our equation simply and by solving the new equation we obtain
and in the following, eq. (41) can be rewrited as
replacing eq. (35) in above equations gives
which by using the constraints (34) and (43), the eqs. (46)- (50) finally will been reduced to
Now with solving the system of eqs. (38)- (39) and for scape than singularity at t = 0 we must have a 0 . = a(0) = 0 for example a 0 = 1 that it shows us the necessity of using the other theories except big bang theory as big bouncing theory. In this way we can find ln(
Now for investigating the properties of the dynamical system we can obtain the critical points and study the stability of these points. Critical points are always exact constant solutions in the context of autonomous dynamical systems. These points are often the extreme points of the orbits and therefore describe the asymptotic behavior. In the following we can find two fixed points ( or critical points) by simultaneously solving 
about the critical points into the three independent equations, to the first orders in the perturbations, which yield three eigenvalues λ i , λ j and λ k . Stability requires the real part of all eigenvalues to be negative. The two fixed points depend on the different values of γ, δ 1 and δ 2 , as illustrated in Table 1 . 
In case of γ = 0 we find two fixed points which for first point, we obtain three eigenvalues λ i and i = 1, 2, 3. But for second point, the coordinate of critical point is (0 , 0 , 0) and we can't obtain any eigenvalue so this point will be unstable. In this way for the first point, P 1 we have
It's clear the first point, P 1 , is unstable too, because λ 2 P 1 has a positive value. Therefore because all coordinates of P 1 is independent on γ then this point will remain unstable in the all conditions and our investigations will been limited to second point.
Stability conditions for second fixed point
The eigenvalues of second critical point generally obtained by
Therefore the suitable conditions for a successful stability will be happened when we have with initial values which have been considered by x(0) = 0.1 and y(0) = 0.07. with initial values which have been considered by x(0) = 0.1 and y(0) = 0.07. with initial values which have been considered by x(0) = 0.1 and y(0) = 0.07. with initial values which have been considered by x(0) = 0.1 and y(0) = 0.07. Stable and unstable points have been shown for γ = −1/30
COSMOLOGICAL PARAMETERS
In order to the investigate the finial fate of the universe and which of different dark energy models is now emergent, we should investigate the effective EoS and deceleration parameters in terms of the dynamical variables in the universe and a sensitive and robust diagnostic test for dark energy. In this way, the EoS and deceleration parameters are refined by:
and we can rewrite the statefinder diagnostic parameters, {r, s}, as the follow,
which introduced by Sahni et al. [89] and Alam et al. [90] . On the other hand, from [91] for statefinder and deceleration parameters in Ricci dark energy (RDE) framework, we have
So with current observations data and our previous calculations, one can find the location of today's point is r = 1.422, s = −0.131 and q = −0.578.
In Fig. 8 , we show the evolution of EoS and deceleration parameters respect to N = ln(a). It's clear that their behaviours are very similar (∝ k) but when we compare two coloured lines, which their conditions have been chosen ordinary, with each other, in each plot separately, we can find the black line with a γ 0 has a better cross at the current value against the red line which has a bit distance from it. Moreover, both of lines show the deceleration parameter is negative now but it tends to approach to zero and its positive value in the future however its slope is decreasing for a certain period of time. Its mean is, our universe is in a smooth acceleration expansion now but in the future its acceleration approaches to zero and then it will be negative. In the additional, the red line crosses q = 0 for two times and finds a positive acceleration again whereas the black line has just one crossed point in the near future, a period with approximately constant negative acceleration and a period with ascending deceleration parameter which play us the role of a big crunch.
So, our universe will collapse in on itself into a quasi-singularity as gravity pulls matter down, in the future. In this way, The trajectory of lines indicate us, they cross ω = −1 at a point near of the current time. Specially, the black one that crosses it exactly at the today's location.
They run over from phantom phase, ω < −1, to quintessence, ω > −1 that emphasis the validation of our model. However, the red one will come back to its phantom phase again.
On the other hand, the statefinder diagnostic can discriminate between various dark energy models effectively. Different cosmological models involving dark energy exhibit qualitatively different evolution trajectories in the s − r plane. For example, the ΛCDM scenario corresponds to the fixed point s = 0, r = 1 and the SCDM (Standard Cold Dark Matter) scenario corresponds to the point s = 1, r = 1. In Fig. 9 , we try to show the treatment of the statefinder parameters, s and r, separately respect to N = ln(a). The s − N plot shows us the black line has relatively a simple behaviour from past to future.
However, it has a very sharp and short turning in the present time but the red line will experience two deep singularity at the future. Moreover, in the r − N plot we can see the simplest behaviour is for the black one again. In Fig. 10 , we've plotted the s − r plane of our model with two ordinary different conditions. For showing more detailed and finding the discrimination of different models we show it in two scale. The left one is closer and shows the black trajectory which has a γ 0, has closer distance to current time and SCDM against the red line which has a γ = 1. However both of them cross on ΛCDM. Therefore, the non-distance from our model to the ΛCDM scenario can be identified explicitly. The distinctive trajectories which various dark energy scenarios follow in the s − r plane demonstrate quite strikingly the contrasting behaviour of dark energy models. and SCDM (r = 1, q = 0.5) again and SS scenario (r = 1, q = −1) has the most distance from our model against other models. In this figure, the red line has been separated from all scenarios. Therefore, the definition conditions of the red line will be failed for introducing a suitable method and the winner of our match in the most of circumstances, will be stayed the definition conditions of the black line. The initial values are x(0) = √ 6, y(0) = 9, z(0) = 0.2.
Finally for having the analytically answers for our cosmological parameters with an arbitrary γ 0, we rewrite them as table II, 
SUMMARY AND CONCLUSION
In this paper, the evolution of the gravitational fields was considered by the f (R, φ) modified gravity model which coupled by the first gravitational theory where it was invariant under the scale transformation and was presented by Weyl. A formulation of gravity, as a simple modified model was characterized by one scalar field φ. The analytic study of the solution shows, that the universe may undergo a transition from phantom to quintessence phase which is also supported by numerical analysis. In the analytic studying of the dynamics of the EoS parameter, we obtain the constraints that one has to impose on the scalar field and their first and second derivatives in order to have phantom crossing. In numerical approach, the EoS parameter crosses ω = −1 for t = 0 or ln(a) = 0. We investigated about a bouncing non-singular cosmology, with an initial contracting phase which lasts until to a non-vanishing minimal radius is reached and then transits into an expanding phase which provides a possible solution to the singularity problem of Standard Big Bang cosmology, a problem which is not cured by scalar field driven inflationary models. The evolution of EoS parameter, Hubble parameter and scale factor numerically are obtained. The violations of the null energy condition required to get a bounce are obtained for the model allowing a transition of the EoS parameter through the cosmological constant boundary. In the analytic discussion of the phantom crossing behavior of the EoS parameter, we also have to constrain the scalar field and their first and second derivatives. Besides, we have also additional constraints on Hubble parameter and its first and second derivatives.
Furthermore, we consider the structure of the dynamical system via phase plane analysis, by introducing some dimensionless variables. By using some of constraints we removed 2 of 5 dimensionless variables. Then we found the critical points and imposed them a linear perturbation. By finding their eigenvalues, we discussed about the necessary conditions of stability both analytically and numerically. We plotted asymptotically z = −1 stable equilibrium sink for different γ. The results indicated us the suitable conditions for a successful stability will be happened when we have γ 0.
As an investigation to finding the finial fate of the universe and which of different dark energy models is now emergent, we investigated the effective EoS and deceleration parameters in terms of the dynamical variables in the universe. In this way, the EoS and deceleration parameters was considered for two ordinary conditions which one of them has a γ 0 and other one didn't have. By using the equations which obtained from RDE framework and some observation data, we obtained the today's location of s, r and q parameters. We found that in the most of cases this condition gave us better responses because it has the most corresponding with today's values, specially ΛCDM and SCDM models. Besides, the statefinder diagnostic trajectories were plotted numerically for different situations. We discussed a lot why the first conditions is our winner. By a series of analysis, it was concluded, we must have minimally one crunch in the future and this reinforces the probability of being correct the hypothesis of big bounce and big crunch or cycling universe more.
